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Introduction 



The most well-known and widely used approaches to global Finsler geometry are 
the Klein-Grifone (KG-) approach ([6], [7], [8]) and the pullback (PB-) approach ([]], 
[13], [I7J)- The universe of the first approach is the tangent bundle of TM, whereas the 
universe of the second is the pullback of the tangent bundle TM by n : TM — > M. 
Each of the two approaches has its own geometry which differs significantly from the 
geometry of the other (in spite of the existence of some links between them). 

The theory of projective changes in Riemannian geometry has been deeply studied 
(locally and intrinsically) by many authors. With regard to Finsler geometry, a com- 
plete local theory of projective changes has been established ([1], [9], [10], [11], [H],- • • ). 
Moreover, an intrinsic theory of projective changes (resp. semi-projective changes) has 
been investigated in [3], [12] (resp. [IB]) following the KG-approach. To the best of our 
knowledge, there is no complete intrinsic theory in the PB-approach. 

In this paper we present an intrinsic theory of projective changes in Finsler geometry 
following the pullback approach. Various known local results are generalized and other 
new intrinsic results are obtained. 

The paper consists of four parts preceded by an introductory section (§1), which 
provides a brief account of the basic definitions and concepts necessary for this work. 

In the first part (§2), the projective change of Barthel and Berwald connections, as 
well as their curvatuer tensors, are investigated. Some characterizations of projective 
changes are established. The results obtained in this section play a key role in obtaining 
other results in the next sections. 

The second part (§3) is devoted to an investigation of the fundamental projectively 
invariant tensors under a projective change, namely, the projective deviation tensor, the 
Weyl torsion tensor and the Weyl curvature tensor. The properties of these tensors and 
their interrelationships are studied. 

The third part (§4) provides a characterization of a linear connection which is invari- 
ant under projective changes (the projective connection). Moreover, another fundamental 
projectively invariant tensor (the Douglas tensor) is investigated, the properties of which 
are discussed. Finally, the Douglas tensor and the projective connection are related. 

In the fourth and last part (§5), the projective change of some important special 
Finsler manifolds, namely, the Berwald, Douglas and projectively flat Finsler manifolds 
are investigated. Moreover, the relationship between projectively flat Finsler manifolds 
and Douglas tensor (Weyl tensor) is obtained. 

It should finally be noted that the present work is entirely intrinsic (free from local 
coordinates). 

1. Notation and Preliminaries 

In this section, we give a brief account of the basic concepts of the pullback approach 
to intrinsic Finsler geometry necessary for this work. For more details, we refer to [1] 
and [13]. We make the assumption that the geometric objects we consider are of class 
C°°. The following notation will be used throughout this paper: 
M: a real paracompact different iable manifold of finite dimension n and of class C°°, 
$(M): the R-algebra of differentiable functions on M, 
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£(M): the S(M)-module of vector fields on M, 
tt m : TM — ► M: the tangent bundle of M, 

7i : TM — > M: the subbundle of nonzero vectors tangent to M, 

V(TM): the vertical subbundle of the bundle TTM, 

P : ti- 1 (TM) — >TM : the pullback of the tangent bundle TM by tt, 

X(tt(M)): the £(TM)-module of different iable sections of Tr" 1 (TM), 

%x '■ the interior product with respect to X G £(M), 

df : the exterior derivative of / G #(M), 

:= [iz,, rf], «l being the interior derivative with respect to a vector form L. 
Elements of X(tt(M)) will be called tt- vector fields and will be denoted by barred 
letters X. Tensor fields on 7r _1 (TM) will be called 7r-tensor fields. The fundamental 
7r-vector field is the tt- vector field rj defined by rj(u) = (u, u) for all u E TM. We have 
the following short exact sequence of vector bundles: 

— ► 7r~ 1 (TM) T(TM) tt~ 1 (TM) — > 0, 

the bundle morphisms p and 7 being defined in [TT]. The vector 1-form J := 7 o p is 
called the natural almost tangent structure of TM. The vertical vector field C := 7 o rj 
on TM is called the canonical (Liouville) vector field. 

Let D be a linear connection (or simply a connection) on the pullback bundle 
7r _1 (TM). The connection (or the deflection) map associated with D is defined by 

K : TTM — > n- 1 (TM) : X 1 — ► D x rj. 

A tangent vector X G T U (TM) at u G TM is horizontal if K(X) = . The vector 
space H U (TM) = {X G T U (TM) : K(X) = 0} is called the horizontal space at u. The 
connection D is said to be regular if 

T U (TM) = V u iTM) © H U (TM) Vn G TM. 

Let /? := (p|if(TjW)) , called the horizontal map of the connection D, then 

p o (3 = id^-HTM), P P = id H (TM) on H(TM). 

For a regular connection D, the horizontal and vertical 
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Z) are defined, for a vector (l)7r-form A, for example, by 

(D A)(X,Y) := (D^A)(7), (D A)(X,Y) : 

The (classical) torsion tensor T of the connection D is given by 

T(X, Y) = D xP Y - D Y pX - p[X, Y] VX, Y G X(TM), 

from which the horizontal ((h)h-) and mixed ((h)hv-) torsion tensors are defined respec- 
tively by 

Q(X,Y) := T(pXpY), T(X,Y) := T{jX, 07) VX,F G X(vr(M)). 
The (classical) curvature tensor K of the connection D is given by 

K(X, Y)pZ = -D x D Y pZ + D Y D x pZ + D [X)Y]P Z VX, Y, Z G X(TM), 

3 
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covariant derivatives D and 



= (D^A)(Y). 



from which the horizontal (h-), mixed (hv-) and vertical (v-) curvature tensors are defined 
respectively by 

R{X,Y)Z := K(PX07)Z, P(X,Y)Z := K(pX,jY)Z, S(X, Y)Z := K(<yX, j¥)Z. 

The (v)h-, (v)hv- and (v)v-torsion tensors are defined respectively by 

R(X, Y) := R(X, Y% P(X, Y) := P(X, Y% S(X, Y) := S(X, Y)rj. 

For a Finsler manifold (M, L), there are canonically associated two fundamental 
linear connections, namely, the Cartan connection V and the Berwald connection D°. 
An explicit expression for the Berwald connection is given by 

Theorem 1.1. [17] The Berwald connection D° is uniquely determined by 

(a) D^Y = p[yX,0y], (&) D^Y = K[f3X n Y}- 

We terminate this section by some concepts and results concerning the Klein-Grifone 
approach to intrinsic Finsler geometry. For more details, we refer to [6], [7J and [8]. 

Proposition 1.2. [S] Let (M, L) be a Finsler manifold. The vector field G on TM defined 
by ic^i = —dE is a spray, where E := |L 2 is the energy function and Q := ddjE. Such 
a spray is called the canonical spray. 

A nonlinear connection on M is a vector 1-form T on TM, C°° on TM, such that 
jr = J, TJ = — J. The horizontal and vertical projectors associated with T are defined 
by h := |(J + T) and v := |(J — T) respectively The torsion and curvature of T are 
defined by t := |[J, T] and := — respectively. A nonlinear connection T is 
conservative if d^E = 0. 

Theorem 1.3. [7J On a Finsler manifold (M,L), there exists a unique conservative 
homogenous nonlinear connection with zero torsion. It is given by: V = [J,G\. 
Such a nonlinear connection is called the canonical connection, the Barthel connection 
or the Cartan nonlinear connection associated with (M,L). 



2. Projective changes and Berwald connection 

In this section, the projective change of Barthel and Berwald connections, as well as 
their curvatuer tensors, are investigated. Some characterizations of projective changes 
are established. 

Definition 2.1. Let (M,L) be a Finsler manifold. A change L — > L of Finsler struc- 
tures is said to be a projective change if each geodesic of (M, L) is a geodesic of (M, L) 
and vice versa. In this case, the Finsler manifolds (M, L) and (M, L) are said to be 
projectively related. 

Let c : / — > M : s i — > (x l (s));i = 1,2, ...,n, be a regular curve on a Finsler 
manifold (M, L). If G is the canonical spray associated with (M, L), then c is a geodesic 



4 



iff G(c') = c", where d = ^ (s being the arc-length). In local coordinates, c is a geodesic 
iff 

(x 1 )" + 2G i (x,x') =0. 

If this equation is subjected to an arbitrary transformation of its parameter s i — ► t = 
t(s), with £ ^ 0, then c is a geodesic iff 

where fj, := — (^l)/(^f) 2 - It is clear that these equations remain unchanged if we replace 
the functions G l (x,y) by new functions G l (x,y), the latter being defined by 

G i (x,y) = G i {x,y) + \{x,y)y i , (2.1) 

where X(x,y) is an arbitrary function which is positively homogenous of degree 1 in the 
directional argument y. This result can be formulated intrinsically as follows. 

Theorem 2.2. Two Finsler manifolds (M, L) and (M, L) are projectively related if, and 
only if, the associated canonical sprays G and G are related by 

G = G-2X(x,y)C, (2.2) 
where X(x,y) is a function on TM, positively homogenous of degree 1 in y. 

Remark 2.3. It is to be noted that the local expression of (12. 2p reduces to (12.11) and is 
in accordance with the existing classical local results on projective changes [11] , [T3] . For 
this reason, we have inserted the factor (—2) in (12.21) . Moreover, this factor facilities 
calculations. 

In what follows and throughout we will take (12. 2p as the definition of a projective 
change. 

The following lemma is useful for subsequence use. 
Lemma 2.4. The it -form a defined by 

a(X) := dj\(/3X) (2.3) 

has the following properties: 

(a) (D^a)(Y) = ddjX(jX, 07), (b) D^a = 0, (c) a(rj) = A. 
Proof. 

(a) We use Theorem 11.11 and the identities (3op + ^oK = I and ijdjX = 0: 

ddjX^X, 07) = 7 X • djX{07) - dj\{[yX, 07]) 
^jX-a(7)-djX((3p\rrX,/37]) 
= 7 X • a(Y) - a(D; Y Y) = (D^a)(7). 

(b) From (a) above, we have 

(Z>V*)(X) = C ■ djX((3X) - djX([C, 0X\) = C ■ ( 7 X ■ A) - J[JG, jX] ■ X 
= C ■ (jX ■ A) - {[JG, 7 X] - J[G, 7 X]} • A, (as J 2 = 0) 
= {C ■ ( 7 X ■ A) - [JG, jX] ■ X} - JX ■ X = 7 X ■ [C ■ A) - 7 X • A. 

As C ■ X = A, the result follows. □ 
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An important characterization of projective changes is given by 
Theorem 2.5. The following assertions are equivalent: 

(a) (M, L) and (M, L) are projectively related. 

(b) The associated Barthel connections T and T are related by 

f = T -2{XJ + djX®C}. 

(c) The associated Berwald connections D° and D° are related by 

D° X Y = D° X Y + a(Y)pX + a{pX)Y + (D° a) (F, pX)r). (2.4) 

Proof. 

(a) =Kb): As G = G - 2X(x, y)C, we have 

f = [J, G] = [J,G— 2\C] = [J, G] - 2[J, AC]. 
Since, for every vector form A on TM, X G X(TM) and / G $(TM) 

[A, fX] = f[A, X] + d A f (8) X - df A 

we obtain 

[J, AC] = A[J, C] + djA ® C - dA A i c J 

= A J + djA ® C, (as [J, C] = J and icJ = 0). 

From which (b) follows. 

(b) =>(c): If (b) holds, then 

h = h-\J - dj\®C, v = v + A J + dj\®C. (2.5) 
Using Theorem 1 1 . 1 1 and (12.51) . we get 

D°~ xP Y = p[vX, Y] = p[vX, Y] + p[XJX + dj\(X)C, Y] 
= p[vX, Y] + {\p[JX, Y] — (Y ■ X)pJX} 
+{dj\(X)p[C 1 Y]-(Y- djX(X)) P (C)} 
= D° vX pY + Xp[JX, Y] + a( P X)p[C, Y\. (2.6) 

Similarly, one can show that 

lDl x pY = 7D hX pY - Xv{J[X, JY] + J[JX, Y}} 

+{JY ■ X)v(JX) - djX(X){J[C, Y] + J[G, JY]} 
+(JY ■ djX(X))v(C) + XJ[hX, JY] - (djX([JY, hX]))C. 

From which, taking into account the fact that Jv = 0, v J = J and 7 : 7T~ 1 (TM) — > 
V(TM) is an isomorphism, we get 

Df iX pY = D° hxP Y + djX(Y)pX + djX(X) P Y 

+ddjX{JY, hX)rj - Xp[JX, Y] - djX(X)p[C, Y] 
= D° hX pY + a( P Y)pX + a( P X)pY + [D° Y a){pX)r) 

-Xp[JX,Y]-a(pX)p[C,Y]. (2.7) 
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Hence, Q follows from USD and (l2"Tj) . 

(c) ==^(a): Assume that Equation (12 .4p holds. Then, by setting Y = fj in (12.41) . noting 
that a(fj) = A (Lemma 12.4( c)). we get 

K°(X) = K°{X) + XpX + a(pX)rj + (D lT] a)(pX)% 

From which, together with Lemma 12.4( b) and the fact that v = v = 7 o K° = 70/^ 
[TT] . we get 

?X = + AJX + a(pX)C. 

Consequently, 

hX = hX - XJX - a(pX)C. 

Setting X = G in the last relation, taking into account Lemma l2T4T c) and hG = /3r] = G, 
we obtain 



G = G - 2XC. 

Hence, by Theorem 12.21 (M, L) and (M, L) are projectively related. □ 

Corollary 2.6. Under the projective change (12.21) . the curvature tensors 9i and9\ of the 
associated Barthel connections Y and Y are related by 

*K = 9^ + - (24A - djX 2 ) A J + gWjA g> C. 

Corollary 2.7. In mew 0/ Theorem \2.5i c). we have 

(a) 5; x F = d; x F. 

(b) D° m Y = D°p T Y + a(Y)X + a(X)Y+ D°a(Y, P X)fJ - XD^Y - a(X)D^Y. 
Consequently, 

(c) The map : %(ir(M)) — > X(tt(M)) : Y 1 — > D°^Y is a projective invariant. 

(d) The vector n-form D°X : X(tt(M)) — > X(vr(M)) : Y 1 — > D° 7 ~X is a projective 
invariant. 



Remark 2.8. In view of Theorem \2.5\ we conclude that, a necessary and sufficient con- 
dition for two Finsler manifolds (M, L) and (M, L) to be projectively related is that Re- 
lation (12 .41) holds. This result generalizes the corresponding result on projective changes 
in Riemannian geometry. Apart from the last term of formula (12.4ft . this formula resem- 
bles exactly the corresponding Riemannian formula [15]. Moreover, the sufficiency is not 
proved before, as far as we know. On the other hand, the local expressions of (a) and 
(b) of Theorem 12.51 coincide with the classical local expressions [11], p2 



For the projective change of the curvature tensors of Berwald connection, we need 
the following two lemmas. 

Lemma 2.9. [18] For the Berwald connection D° , we have: 
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(a) The v-curvature tensor S° vanishes. 

(b) The hv-curvature tensor P° is totally symmetric. 
Lemma 2.10. 

2 2 

(a) The n-form D° a is symmetric and (D° a)(rj,X) = 0. 

2 2 2 2 2 

(b) The n-form D°D° a is totaly symmetric and (D°D° a)(X,Y,f]) = —{D° a)(X,Y). 
Proof. 

(a) By definition of the Berwald vertical covariant derivative, we have 

(D° a)(X,Y) - (D° a)(Y,X) = (D^a)(Y) - (D; 7 a)(X) 
= { 7 X • {dj\{(3Y)) - dj\(PD°^Y)} - { 7 F ■ (djX(pX)) - djX(PD; y X)} 

= { 7 x • ( 7 f • A) - 7 d; x f ■ a} - { 7 F • ( 7 x • a) - 7 d; f x ■ A} 
= {[ 7 X, 7 F] - 7 (d; t F - d; 7 x)} ■ a . 

2 

From which, together with the fact that D° is torsion free, it follows that D° a is 
symmetric. 

2 

On the other hand, (D° a)(rj, X) = is a reformulation of Lemma [2.4( b). 

(b) By (a) above and the formula 

(D°D° a)(X,Y,Z) = 7 X • {(D° a)(Y,Z)} - (D° a)(D°^Y,Z) - (D° a)(Y,D° jY Z), 

2 2 

it follows that D°D° a is symmetric with respect to the second and the third arguments 

2 2 2 

and (D°D° a)(X,Y,rj) = -(D° a)(X,Y). Moreover, one can show that 
^y{(D°D a)(X,Y,Z)} = {[ 7 X, 7 F] - 7 ( jD ; x F- D ; 7 X)} ■ a(Z) 

+ a(-D; Y D; Y z + d; 7 d; y z + d; {do _ y _ d: _ Y} z) 

= a(S°(X, Y)Z) = 0, by Lemma [H 

2 2 

Hence, D°D° a is symmetric with respect to the first and the second arguments. □ 
Now, let us define 



Q(X) := {3X ■ X - Xa(X), 
e(X,Y) := (D°Q)(Y) - {D°Q)(X). 




Using these 7r-tensor fields, we have 
Theorem 2.11. Under the projective change ( 12.21) . we have 

(a) r°{x,y)z = ^(x,F)z+(^g)(F)x-(^g)(X)F+ £ (x,F)z+(^ £ )(x,F)^ 
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(b) P°(X, Y)Z = P°(X, Y)Z + 6 W {((D° a)(Y, Z))X} + (D°D° a)(X, Y, Z% 
where &xy~z denotes the cyclic sum over X,Y and Z. 

Proof. After long, but easy, calculations, these formulae follow by using Theorem 12.51 
Lemma [2.91 Lemma [2.101 and the properties of the 7r-forms a, Q and e. □ 

Corollary 2.12. Under the projective change (12. 2p . we have 

(a) R°(X,Y) = R?{X,Y) + Q(Y)X - Q{X)Y + £{X,Y)rj, 

(b) H(X) = H(X) - Q(rj)X + {Q(X) + e(rj, X)}rj, 

H being the deviation tensor defined by H(X) := R°(rj, X). 

Proposition 2.13. Under the projective change (12. 2p . if the factor of projectivity A has 
the property that Q = 0, then the following geometric objects are projective invariants: 

(a) The deviation tensor H , 

(b) The (v)h-torsion tensor R°, 

(c) The (h)h- curvature tensor R°, 

(d) The curvature tensor £H of Barthel connection. 

Proof. The proof follows from Theorem 12.11( a). Corollary 12.121 together with the defi- 
nition of H and the identity [18] 

m(px, 07) = -7^° (X, Y) . □ 



3. Weyl projective tensor 

Studying invariant geometric objects under a given change is of particular impor- 
tance. In this section, we investigate intrinsically the most important invariant tensor 
fields under a projective change, namely, the projective deviation tensor, the Weyl tor- 
sion tensor and the Weyl curvature tensor. The properties of these tensors and their 
interrelationships are investigated. 

In what follows and throughout, we make use the following convention. If A is a vec- 
tor 7r-form of degree 3, for example, we shall write Tr c -^ {A(X, Y, Z)} to denote the con- 
tracted trace of A with respect to Z: Tr c ^ {A(X ,Y \Z)} := Tr c {Z i — ► A(X,Y,Z)}. 

It is to be noted that if a 7r-tensor field A of type (l,p) is projectively invariant, then 
so is its contracted trace Tr c (A). 

Now, let us define 

6(X,Y) := Tr^{R°(X,Y)Z}, 
R 2 (X,Y) := Tr C z{R°(X,Z)Y}, 

R 1 (X) := -t—{nR 2 (X,rj) + R 2 {rj,X)} ; n > 2, (3.1) 
n — 1 

k := -^—R 2 (fJ,fj) ; n> 2. (3.2) 

71—1 
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One can show, by using the identity [IS] 6jfz{^°(^i^)^} = 0' that 

9(X,Y) = R 2 (X,Y) - R 2 {Y,X) (3.3) 

The following lemma will be useful for subsequent use. 

Lemma 3.1. A it -tensor field u is positively homogenous of degree r in the directional 
argument y (denoted by h(r)) if, and only if 

D°jjU — tlo, or equivalently D° c uj = ruj. 

In view of the above lemma, we have : 

Proposition 3.2. 

(a) The hv-curvature tensor P° is homogenous of degree -1. 

(b) The h-curvature tensor R° is homogenous of degree 0. 

(c) The (v)h-torsion tensor R° is homogenous of degree 1. 

(d) The deviation tensor H is homogenous of degree 2. 

(e) The n -tensor fields R 2 and 9 are homogenous of degree 0. 

(f) The it -tensor field Ri is homogenous of degree 1. 

(g) The scalar function k is homogenous of degree 2. 

Now, we are in a position to announce the main result of this section. 

Theorem 3.3. Under the projective change (12.21) . the following tensor field on ir^iTM); 
dimM > 2, is projectively invariant: 

W(X,Y)Z := R°(X,Y)Z+ -L^!d Y y{(D° R X )(Z,Y)X 

+ (D° R 1 )(X,Y)Z+ (D°D° RjiZ^^rj}, 
where % F {A(X,F)} := A(X,Y) - A(Y,X). 
Proof. We have, by Corollary 12. 12( a) . 

R°(X, Y)rj = R°(X, Y)fj + Q{Y)X - Q{X)Y + e(X, Y)rj. (3.4) 
Taking the contracted trace of (13. 4p with respect to Y, we get 

R 2 (X,rj) = R 2 (X,rj) - (n - l)Q{X) + e(X,rj). (3.5) 
On the other hand, by Theorem 12.11( a). 

R°(X,Y)Z = R°(X,Y)Z+ (D°zQ) (Y)X - {D°^Q) (X)Y + e(X, Y)Z + (D^e) (X, Y)rj. 

(3.6) 

Taking the contracted trace of (13. 6p with respect to Z, we obtain 

e(x,Y) = e(x,Y) + (d; y q)(7) - (d; 7 q)(x) + ne(x,Y) + {D^e){x,Y). 
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Since the 7r-form e is h(0), as one can easily show, the above relation reduces to 

9(X,Y) = 9(X,Y) + (n + l)e(X,Y). 

Consequently, by fl3.3|) . 

e(X,Y) = j-^-—{R 2 (X,Y) - R 2 (Y,X)} - —±—{R 2 (X,Y) - R 2 (Y,X)}. 
From which, 

e(X,rj) = —^{R 2 (X,f}) - R 2 (fj,X)} - -^—{R 2 (X,v) - R 2 (%X)}. (3.7) 
(n + 1) [n + 1) 

Solving (13. 5p and (13.71) for Q, taking (13.11) into account, we obtain 

[n + 1) 

This equation, together with (12.81) . yield 

e(X,Y) = —L-i^^D ^)^) - (D°-^R 1 )(Y)}. (3.9) 

Substituting fl2j| and ([32]) into (pT4) . we get 

£°(X,F) + -1_ %F |^ 1 (F)X+ (5; T ^)(F)rj} = 

= iT(Z,F) + -l_ %F |i? 1 (F)X+ (z^)^} • (3-10) 

Now, taking the vertical covariant derivative of both sides of (13. lOj) with respect to 
Z, making use of Corollary 12.71 and the identity [18] 



R°{X,Y)Z=(D°^R°)(X,Y), (3.11) 

we get W = W. □ 

Definition 3.4. The it -tensor field W, defined by Theorem \3.3l is called the Weyl cur- 
vature tensor. 

In the course of the above proof, we have constructed two other important projec- 
tively invariant tensors as given by 

Theorem 3.5. Under the projective change the following tensor fields on n~ l (TM) ; 

dimM > 2, are projectively invariants: 

(a) W X (X) := H(X) -kX + ^ I {SftpC) - (n + l)D^k}r). 

This tensor field is called the projective deviation tensor. 

(b) W 2 (X,Y) := R°(X,Y) + ^ %, F {Ri(Y)X + (D^R^rj}. 

This tensor field is called the Weyl torsion tensor. 
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Proof. 

(a) Setting X = rj into lETIDjl . we get 



= H(Y) + {r 1 (Y)tj - Ri(rj)Y + (£^0(7)5? - (D^) (77)77} . 



From which, together with Proposition 13.2( f) and the identity R\{rj) — (n+ l)k (by ( 13.1 ft 
and (13. 2p ). the result follows. 

(b) Follows from (l3~T0D . □ 

The next results give some interesting properties of the above mentioned projectively 
invariant tensors. 

Theorem 3.6. 

(a) The Weyl torsion tensor W 2 can be expressed in terms of W\ in the form 

W 2 (x,Y) = i{(D; x Wi)(F) - (D^w^x)}. 

(b) The Weyl curvature tensor W can be expressed in terms of W 2 in the form 

W(X,Y)Z=(D^W 2 )(X,Y). 

Proof. 

(a) Follows from Theorem 13.51 together with the identity [18] 



R°{X,Y) = 1 -{{D^H)(Y) - (D° j7 H)(X)}, 

2 2 22 

taking into account the fact that (D°D° k)(X,Y) = (D°D° k)(Y,X). 

(b) Follows from Theorem 13.51 Theorem 13.31 and (13. lip . □ 

Corollary 3.7. 

(a) The projective deviation tensor W\ is h(2) and has the property that 

Wtifj) = 0. 

(b) The Weyl torsion tensor W 2 is h(l) and has the property that 

W 2 (fj J X) = W 1 (X). 

(c) The Weyl curvature tensor W is h(0) and has the property that 

W(X,Y)rj=W 2 (X,Y). 
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Proof. 

(a) Follows from the homogeneity properties of H, R\ and k (Proposition I3.2j) together 
with the fact that Ri(rj) — (to + l)k and H(rj) = 0. 

(b) Follows from (a) and Theorem 13.6( a). 

(c) Follows from (b) and Theorem 13.6( b). □ 
Corollary 3.8. The following assertion are equivalent: 

(a) The projective deviation tensor W\ vanishes. 

(b) The Weyl torsion tensor W2 vanishes. 

(c) The Weyl curvature tensor W vanishes. 



4. Projective connections and Douglas tensor 

In this section, we provide a characterization of a linear connection which is invariant 
under a projective change (the projective connection). Moreover, as in the previous 
section, we investigate intrinsically another fundamental projectively invariant tensor 
(the Douglas tensor). Finally, we relate the Douglas tensor to the projective connection 
in a natural manner. 

Definition 4.1. A linear connection on 7r~ 1 (TM) is said to be projective if it is invariant 
under the projective change (12. 2p . 

Theorem 4.2. A linear connection Q on 7r~ 1 (TM) is projective if, and only if, it can be 
expressed in the form 

Q X Y = D° X Y - — L-{u;(Y>X + u(pX)Y + {p (pX, Y))rj}, (4.1) 

where lu(Y) := Tr c x {D° X Y} and p(X,Y) := Tr c ^{P°{X,Y)Z}. 

Proof. Under a projective change, we have, by Theorem 12.51 

D° X Y = D° X Y + a(Y) P X + a(pX)Y + (D° a) (pX, Y)% (4.2) 

Taking the contracted trace of Equation (14. 2 j) with respect to X, using Lemma [2.101 we 
obtain 

uj = uj + (n + l)ct, 

from which 

a = ^—{u-uj}. (4.3) 

71+1 

On the other hand, by Theorem 12.111 

P°(X,Y)Z = P°(X,Y)Z + & Xt Y,z{((D° a)(Y,Z))X} + (D°D° a)(X,Y,Z)rj (4.4) 

Taking the contracted trace of the above equation with respect to Z, using Lemma \2. 101 
we get 

2 

p = p + (to + 1) D° a, 
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from which 

D°a = j-L^tf-p}. (4.5) 

Substituting (JO]) and flU]) into g^D, the result follows. 

It should finally be noted that the projective connection Q is uniquely determined 
by Equation (O). □ 

2 

Remark 4.3. In view of (14.51) . D° a = if, and only if, the ir-form p is projectively 
invariant. In this case, the formula (12.41) reduces to 

D X Y = D° X Y + a(Y)pX + a( P X)Y, 

which has exactly the same form as the corresponding Riemannian formula for projective 
changes. 

Proposition 4.4. The projective connection fl has the properties: 

(a) The (classical) torsion associated with Q vanishes. 

(b) The v-curvature tensor associated with Q vanishes. 
Proof. 

(a) As P° is totally symmetric (Lemma 12. 9( b)). then so is the 7r-form p. Then, the result 
follows from this fact and the expression (14.11) . 

(b) For any regular connection D having the property that T(X, rj) = 0, the v-curvature 
tensor S of D takes the form |18|: 



S(X, Y)Z = (D jY T)(X, Z) - (D lX -T)(Y, Z) + T(X, T(Y, Z)) 
-T(Y,T(X,Z)) + T(S(X,Y),Z). 

The result follows from the above relation together with (a) . □ 

Theorem 4.5. Under a projective change, the it -tensor field 

P(X, Y)Z := P°(X, Y)Z - J—e X y^{(p (X, Y))Z} - ^—{( D ; y p ) (X, Z)}r). (4.6) 

is invariant. 

Proof. From Equation (14.51) and Corollary 12.7( c). we have 

D°a = —^—{p-p}, 3°p]° a = —^-{D°p-D°p}. 
(n + 1) (n + 1) 

From which, together with Theorem 12.11( b). the result follows. □ 

Definition 4.6. The n -tens or field F of type (1,3) on 7r~ 1 (TM) defined by (14. 6p is called 
the Douglas tensor associated with the projective change (12. 2p . 

The following result establishes some important properties of the Douglas tensor. 
Proposition 4.7. The Douglas tensor P has the properties: 

(a) P vanishes if P° vanishes, 
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(b) F(X,Y) = 0, 

(c) P is totally symmetric, 

(d) (D; y p)(F,z,W) = (D^¥)(Y,x,W), 

(e) P is positively homogenous of degree — 1 in y. 

Proof. The proof is easy and we omit it. □ 

Remark 4.8. It is worth noting that in projective Riemannian geometry there is only one 
fundamental projectively invariant tensor (Weyl curvature tensor), whereas in projective 
Finsler geometry there are two fundamental projectively invariant tensors, one is the 
Weyl curvature tensor W and the other is the Douglas tensor P. 

We terminate this section by the following result which relates the Douglas tensor 
with the projective connection in a natural manner. This result says roughly that the 
Douglas tensor is completely determined by the projective connection. 

Theorem 4.9. The Douglas tensor is precisely the hv-curvature tensor of the projective 
connection ( 14.11) . 

Proof. Let K and /3 be the connection map and the horizontal map of the projective 
connection Q respectively. By Theorem 14 . 2 1 and the fact that p (X, rj) = 0, the connection 
map K takes the form 

K(X) = K{X) - -±—{co(rj)pX + uj( P X)fj}. 
n + 1 

From which, together with Proposition 14.4( a) and Proposition 2.2 of [IE], the horizontal 
map (3 is given by 

(3(X) = (3(X) + — L^(rj) 7 Z + cuiX)^}. (4.7) 

71+1 

Now, after somewhat long calculations, using (14.71) and Theorem 11.11 we get 

n m n lY z = d;^d; y z - -L^{ u (d° i7 Z)x + uj(x)d; y z + ( P (X, D; ¥ z))r}} 
-Mv)d; y d; 7 z + u^d^d^z}, 



n 



n^n m z = d; t d; y z - -J—{( D ° jY u;(x))z + uj(x)d; t z + 

+(d; 7 uj(z))x + u(z)d; 7 x} - -^{(D; 7 p(x,z))fj + ( P (x,z))Y} 

+ ^ l tt D °,T^)) D ° 1 xZ + (d; 7 uj(x))d^z} 
+^tiMv)d; y d; 1 ,z + uWD^z} 
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and 



n mW] z = D° mjY] z + -±_{u(z)d; y x + u(d; y x)z + ( P (d; y x, zm 

■{(D'yumD^Z + (D° Y u(X))D° Z}. 



The result follows from the above three relations together with Lemma 12.9( a) and the 

2 

fact that p =D° u. □ 



5. Project ively flat manifolds 

In this section we investigate intrinsically the projective change of some important 
special Finsler manifolds, namely, the Berwald, Douglas and projectively flat Finsler 
manifolds. Moreover, the relationship between projectively flat Finsler manifolds and 
the Douglas tensor (Weyl tensor) is obtained. 

Definition 5.1. A Finsler manifold (M, L) is said to be a Berwald manifold if the {h)hv- 
torsion tensor T of the Cartan connection V is horizontally parallel. That is, 

V /3X T = 0. 

Definition 5.2. A Finsler manifold (M, L) is said to be a Douglas manifold if its Douglas 
tensor vanishes identically: P = 0. 

Theorem 5.3. Every Berwald manifold is a Douglas manifold. 

Proof. We first show that the /if-curvature P° of a Berwald manifold vanishes. 
The /iw-curvature P and the (v)/tu-torsion of the Cartan connection can be put respec- 
tively in the form |18j : 

P(X,Y,Z,W) = g((V^T)(X,Y),W) - g({V pW T)(X,Y),Z) 

+g(T(X,Z),P(W,Y)) - g{T(X,W),P(Z,Y)), 

P(X,Y) = (W^T)(X,Y). 

But since V^T = 0, then both P and P vanish. 

On the other hand, the /if-curvatures P° and P are related by |18j : 

P°(X,Y)Z = P(X,Y)Z+ (V jY P)(X,Z) +P(T(Y,X),Z) +P(X,T(Y,Z)) 
+(V^T)(Y,Z) -T(Y,P(X,Z)) -T(P(X,Y),Z). 

From which, together with V pxT = P = P = 0, it follows that P° = 0. 

Now, the vanishing of P° implies that p = 0. Hence, by Theorem 14.51 the Douglas 
tensor P vanishes identically. □ 
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As a consequence of Theorem 15.31 we retrieve intrinsically a result of Matsumoto [9]: 

Corollary 5.4. A Finsler manifold which is projective to a Berwald manifold is a Douglas 
manifold. 

Proof. Since (M , L) is a Berwald manifold, then, its /iv-curvature P° vanishes and con- 
sequently p = 0. Hence, the Douglas tensor P, which coincides with P (by Theorem 14.51) . 
vanishes identically. □ 

Now, we focus our attention on projectively flat Finsler manifolds. 
Definition 5.5. Under a projective change, a Finsler manifold (M, L) is said to be: 

- hv -projectively flat if the hv-curvature tensor_P° vanishes. 

- h-projectively flat if the Jv- curvature tensor R° vanishes. 

- projectively flat if both P° and R° vanish. 

In view of the proof of Corollary 15.41 and Definition 15.51 we have 

Corollary 5.6. Under the projective change (12. 2p . if(M,L) is hv- projectively flat, then 
it is a Douglas manifold. 

The converse is also true under a certain condition: Consider a projective change for 
which the projective factor A (or a) satisfies the condition 

From which, we get 

D°D° a = — — ^— — D° p. (5.2) 
(n + 1) 

On the other hand, if the Douglas tensor P vanishes, then, by Theorem 14. 51 we obtain 
P°(X,Y)Z = -±^G Y7 z{(p (X,Y))Z} + ~^-{(D° p)(Y,X,Z)}f}. 
From which, together with (I4.4p and Lemma 12.101 the /w-curvature P° has the form 

p°(x,Y)z = -±^&^{( p (x,Y))z} + P )(y,x, z)}rj 

+&x,Y,z{((D° a)(Y,Z))X} + (D°D° a)(X,Y,Z)rj 
= &xy,z{{(D° a)(Y,Z) + -r^P(Y, Z)}X} 

{(D°D° a)(Y,X,Z) + _l_p«p)(F,X,!)}*7. 

Now, using (15.11) and (15. 21) . P° vanishes. Hence, we have 

Theorem 5.7. Under a projective change satisfying (15.11) . a Finsler manifold (M,L) is 
hv -projectively flat if, and only if, (M, L) is a Douglas manifold. 

Now, we study /i-projectively flat Finsler manifolds 
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Proposition 5.8. Under the projective change ( 12.21) . if (M,L); dimM > 2, is h- 

projectively flat, then its Weyl torsion tensor vanishes . 

Proof. Since (M, L) is /i-projectively flat, then, by Definition 15.51 R° vanishes and hence 
i?2 = R\ = 0. Consequently, by Theorem 13.5( b). W2 vanishes. As the Weyl torsion 
tensor W2 is invariant, then W2 also vanishes. □ 

The converse is also true under a certain condition: Consider a projective change for 
which the projective factor A (or a) satisfies the condition 

[n + 1) 

This condition implies that 

e(X,Y) = -J—UD^RJF) - (D^R^X)}. (5.4) 

On the other hand, if the Weyl torsion tensor W2 vanishes, then, by Theorem 13.5( b). 
we obtain 

R°(X,Y) = --l_% F {i? 1 (F)X+ (D; T Ri)(Y)ri} . 
From which, together with (13 .4p . we have 

R°(X,Y) = -_l_% >7 {i2 1 (F)X + (D^R^Y)!}) 
+Q{Y)X - Q(X)Y + e(X, Y)f] 
= {Q(Y) - j^R 1 (Y)}X - {Q(X) - J^MXW 

+{e(X,Y) ~ 7 ^- rT {(^i? 1 )(F) - (D'yRjtX)}}* 



[n 



Now, using (15. 3ft and (15.41) . R° vanishes. Consequently, R° vanishes, by (13.111) . 
Hence, we have 

Theorem 5.9. Under a projective change satisfying (15. 3ft . a Finsler manifold (M,L); 
dimM > 2, is h-projectively flat if, and only if, its Wyel torsion tensor vanishes. 

Combining Theorem 15.71 and Theorem 15.91 we retrieve intrinsically a result of Mat- 
sumoto [9]. Namely, we have 

Theorem 5.10. Under a projective change satisfying ( 15. II) and ( 15.31) . a Finsler manifold 
(M, L); dim M > 2, is projectively flat if, and only if, its Wyel torsion tensor and Douglas 
tensor vanish. 
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